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Abstract 
Hirschfeld, J.W.P. and T. SzBnyi, Sets in a finite plane with few intersection numbers and a 
distinguished point, Discrete Mathematics 97 (1991) 229-242. 
There have been many characterizations of the classical curves in PG(2, q) given by the zeros 
of quadratic and Hermitian forms. The next step is to characterize pencils of such curves. Here 
it is done in the case that the pencils have a single base point. A key result that emerges from 
the investigation is that a certain nonclassical unital is simply the union of conics with a 
common point. 
1. Introduction 
In PG(2, q), the projective plane of order q, there has been much study of 
algebraic curves such as tonics and Hermitian curves as well as subsets with 
various intersection properties which characterize such curves. For example, for q 
odd, a set X of q + 1 points such that every line meets LX in 0, 1 or 2 points is a 
conic [9,5]; for 4 square, a set X of qvq + 1 points such that (a) every line meets 
.X in 1 or I/q + 1 points, and (b) every such I/q + 1 points is a subline PG(l, qq), 
is a Hermitian curve [4,8]. 
A more difficult question is to characterize sets of tonics or Hermitian curves in 
the plane. Here we make some advances in this direction by looking at pencils of 
tonics or Hermitian curves with one base point. This is done by generalizing the 
notion of a set with two intersection numbers to a set with a special point P such 
that all lines through P apart from a tangent meet the set in a fixed number of 
points and all other lines have one of two intersection numbers with the set. 
A key result that emerges from the investigation is contained in Corollary 5.6 
and Theorem 5.7 which together show that, for q odd, there exists a Hermitian 
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arc (unital) in PG(2, 4) that is the union of qq tonics and that this unital is 
nonclassical of Buekenhout-Metz type. Independently, Baker and Ebert [l] have 
shown the existence of a unital as the union of tonics. 
2. Preliiinaries 
In a projective plane I& of order q, a k-set X is a set of k points; it is of type 
( ml, m2, . . . , m,) with ml<rn2<~~~ Cm, if every line e satisfies ]e II 5551 E M = 
{m,, . . . , m,}. The line e is called an i-secant of X if ]e n Xl = i. Then ri denotes 
the total number of i-secants to X; also pi = p,(P) is the number of i-secants 
through a point P of X and ui = oi(Q) is the number of i-secants through a point 
of Q of n,\X. From [5, Section 12.11 the following equations hold, summed in 
each case over M: 
c zi = q2 + q + 1, 
c ir, = k(q + l), 
c i(i - l)ri = k(k - l), 
(2-l) 
(2.2) 
(2.3) 
C Pi=4 + l, 
c (i - l)p, = k - 1, 
(2.4) 
(2.5) 
&=q+l, (2.6) 
c ia, = k. (2.7) 
When r = IMJ = 2 and M = {m, n} equations (2.1)-(2.3) give the two values of 
ri and a quadratic equation for k. Much work has been done on the possible 
values of m and n, particularly in the Desarguesian plane PG(2, q). Important 
examples for q square are given by a Baer subplane PG(2, vq) and a Hermitian 
arc (unital). 
A surprising fact about lIq and particularly PG(2, q) is the difficulty of finding 
k-sets with small values of r. Here we consider an extension of sets of type 
(m, n). 
A k-set X is of pointed type [t; m, n] if there is a point PO in .9Z such that: 
(a) through PO there is precisely one unisecant e, of X; 
(b) the lines through PO other than e, are all (t + 1)-secants; 
(c) every line not through PO is an m-secant or n-secant. 
X is proper if there exist both m-secants and n-secants. A set of pointed type 
[t; m, n] is therefore a special case of a set of type (1, m, t + 1, n). 
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3. General properties 
Lemma 3.1. Let .X be a k-set of pointed type [t; m, n] with m < n. Then: 
(i) k = 1+ tq, ~03 = 1, P,+&) = q; 
(ii) r1 = 1, r,+r = q, z, = (n - t)q’/(n - m), z, = (t - m)q’/(n - m); 
(iii) for P in X\{PO}, 
pr+1= 1, Pm = 
(n - l)q - t(q - 1) 
9 
p = t(q - 1) - (m - 1)q. 
n , 
n-m n-m 
(iv) for Q in &\{P,}, o1 = 1, a, = (n - t)q/(n -m), a, = (t - m)q/(n - m); 
(v) for Q’ in IIq \(X U &,), 
u r+1- -1, a,= 
nq - t(4 - 1) 
n-m ’ 
o, = t(q - 1) - mq. 
n-m ’ 
(vi) t*(q - 1) - tq(n + m - 1) + nmq = 0. 
Proof. For PO, the values of pi are given by the definition and hence the value of 
k follows. Thus (i) is established as well as the values for r1 and z~+~. Now (2.1) 
and (2.2) can be solved for rm and r, giving (ii). Substitution in (2.3) gives (vi). 
Since the pencil of lines through PO covers I&, so pI+l = 1 for P in .X\{PO}; then 
(2.4) and (2.5) can be solved for pm and P,, to give (iii). Similarly, for the two 
types of points off X, (2.6) and (2.7) can be solved for a,,, and a,, to give (iv) and 
(v). 0 
Corollary 3.2. With X a proper set of pointed type [t; m, n], 
(i) A=q[q(n-m)*-q(2n+2m-1)+4nm]isasquare. 
(ii) lSm<t<nCq; 
(iii) t* = 0 (mod q); 
(iv) mnq = 0 (mod t); 
(v) t(n + m - 1) = nm (mod q - 1); 
(vi) t = 0 (mod n - m); 
(vii) q = 0 (mod n - m). 
(viii) nmq = 0 (mod (n - m)‘). 
(3.1) 
(3.2) 
(3.3) 
(3.4) 
(3.5) 
(3.6) 
(3.7) 
Proof. Parts (i), (iii), (iv), (v) follow from part (vi) of the lemma. From part (vi) 
of the lemma, m 6 t s n. From part (v), a,, > 0 implies that t # m. If t = n, then 
r, = 0, contradicting that X is proper. This gives (ii). From (iv) and (v) of the 
lemma, u,(Q) - u,(Q’) = t/(n -m); also p,(P) - u,(Q’) = q/(n - m). Thus n - 
m divides t and q, proving (vi) and (vii). Also, (n - m)’ divides p and tq, and 
therefore nmq from part (vi) of the lemma. Cl 
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Remarks. (1) If X is not proper, then pm 3 0 implies that t = n = q. It follows 
that X = (fl,\ &) U (PO). 
(2) In (vii), n - m is a proper divisor of q: for y1 - m = 1 contradicts (ii) and 
IZ - m = q implies that m = 0 and 12 = t = q. 
(3) When m = 0, it follows that X is not proper. 
Corollary 3.3. Let 3% be a proper set of pointed type [t; m, n] in Z&, q = ph, with p 
prime. 
(i) If q =p, then X does not exist. 
(ii) Zf q =p*, th enn-m=p=Vq. 
(iii) Zf q =p3, then .X does not exist. 
Proof. (i)Sincen-mIp,wehavem=Oandn=p.Sincen-m(t,sot=n=p. 
Hence X is not proper. 
(ii) If n - m =p*, X is not proper; so n - m =p. 
(iii) By (3.2), p3 1 t*, so p* ) t and no higher power of p divides t. From Lemma 
3.l(vi), 
t*(q - 1) - tq(n + m - 1) + nmq = 0. 
Since p4 ( t*(q - 1) and p5 1 tq, so p4 ( nmq; therefore p 1 nm. Since n - m 1 q, we 
have n - m =p or p*. Thus p divides both m and n. So p5 ) nmq and therefore 
p5 I t*(q - l), a contradiction. Cl 
Corollary 3.4. In Z&, a k-set X of pointed type [t; 1, n] has t = n - 1 = qq and so 
is a Hermitian arc. 
Proof. When m = 1, then Corollary 3.2(vi) says that n - 1 divides t. However (ii) 
implies that t ?=n - 1; hence t = n - 1. So X is of type (1, n). Now, Lemma 
3.l(vi) can be rearranged to give 
4= t* - t(n + m + 1) - nm 
= (n - 1)‘. 
t* 
So n = q/s + 1 and k = 1 + qt = 1 + qvq. Thus X is a Hermitian arc. 0 
For further results on k-sets of type (1, n) see [5,8,12-131. 
Proposition 3.5. Let % be a k-set of pointed type [t; m, n] with distinguished point 
PO and t&secant & through PO. Then %= ((Z&\X)\&) U {PO} is a i-set of 
pointed type [q - t; q - n, q - m] with a = 1 - qt + q*. 
The previous two results mean that our attention can be restricted to the case 
that 
2<m<t<nsq-2 withtG4q. (34 
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For example, when q = 16 the only triples (t, m, n) satisfying (3.3)-(3.8) are 
(4,3,7) and (8,6,10). 
Next, a result for k-sets of pointed type [t; m, n] is established similar to that of 
Tallini [ll] for sets of type (m, n). 
Theorem 3.6. Let X be a k-set of pointed type [t; m, n]. 
(i) Zf n -m = l/q then t = ml/ql(vq - 1) or t = ndql(dq + 1). 
(ii) Zf (a) n - m 2 dq, and (b) n and m are coprime, then n - m = vq. 
Proof. (i) For n - m = dq, Lemma 3.l(vi) becomes 
t2(n - m - l)(n - m + 1) - t(n - m)*(n + m - 1) + nm(n - m)’ = 0. 
This factorises as 
[t(n - m - 1) - m(n - m)][t(n - m + 1) - n(n - m)] = 0. 
This gives (i). 
(ii) If n and m are coprime, so are (n - m)’ and nm. By (3.7), (n - m)’ divides 
nmq and therefore q. As n - m 2 vq, so n - m = l/q. 0 
4. A class of examples from Hermitian arcs or curves 
Now, we construct k-sets of type [t; m, n] when n -m = dq. From Corollary 
3.4, they exist for m = 1 as Hermitian arcs. This is generalized for m > 1 to a 
union of Hermitian arcs. 
Theorem 4.1. (i) In Z&, q square, the set rC, = U=, Xi, where X,, . . . , 2” are 
Hermitian arcs intersecting pairwise only at PO with a common unisecant & at PO, is 
a k-set of pointed type [t; m, n] with k = 1 + sqdq, t = sdq, m = s(dq + 1) - qq, 
n = s(vq + 1) for each s in { 1, 2, . . . , dq}. 
(ii) The set XS i n 1 is realized in PG(2, q), q square, by taking Xi as the curve (‘) 
with equation 
xx+yz+yz+A,zz=O 
where GF(L/q) = {A,, AZ, . . . , &I,} and X = xdq. 
Proof. (i) Take s = 2. A line meets a Hermitian arc in 1 or j/q + 1 points. The 
lines through PO apart from the unisecant meet each 2; in v/s + 1 points and 
therefore X2 in 2j/q + 1 points. Every other line meets .X2 in 2, dq + 2 or 
2Vq + 2 points. 
From [2, Theorem 5.51 the number of common unisecants to two Hermitian 
arcs is the same as the number of common points. Thus the two Hermitian arcs 
have no common unisecant other than 4,. 
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For s > 2, a unisecant of Xj is a (vq + 1)-secant of Xj for j # i. Hence 
m=(r-l)(~q+l)+l=s(~q+l)-dq and n=s(vq+l). 
(ii) Each of the dq curves in the pencil is Hermitian: PO = (0, 1, 0) and Q, has 
equation z = 0. 0 
Remarks. (1) For s = vq, r,, = 0 and X, is the improper k-set, as in Remark (1) 
following Corollary 3.2; that is, the set consisting of PG(2, q) less q points on one 
line is the union of vq Hermitian curves with a common point. 
(2) In PG(2,16), X1, rt,, X’, X4 have respective (t, m, n) = (4, 1, 5) (8, 6, lo), 
(12, 11, 15) (16, 6, -). 
(3) This theorem is analogous to Proposition 3 of de Finis [3]. 
5. A class of examples from tonics when q is odd 
In Section 4, the construction of our set was from a pencil of Hermitian curves. 
Here it is from a pencil of tonics. First two elementary lemmas on GF(q) are 
required. 
Lemma 5.1. Let 6 be a nonsquare in GF(q), q odd. Zf 
a 6 
u2+-=v2+1 
u2 V (5.1) 
for u, v in GF(q) \ {0}, then u = fv. 
Proof. Let xi = u2, x2 = S/u2, b = x1 +x2. Then x1 and x2 are solutions of 
x2 - bx + 6 = 0. (5.2) 
Similarly, let y, = v2, y2 = 6/v2. Then y, and y2 are also solutions of (5.2). So 
xr=y, or x1=y2. Since x1 is a square and y2 a nonsquare, the second is 
impossible. So x1 = y,, whence u = f v. 0 
Consider GF(dq) c GF(q), still with q odd. The elements of GF(q) can be 
written as (Y = a + pb, where a, b E GF(dq) and p is an element of GF(q) 
satisfying p2 = r, where r is a fixed nonsquare in GF(dq). The elements of 
GF(dq) are all squares in GF(q). 
Lemma 5.2. Let (Y = a + pb E GF(q)\GF(vq), q odd. There are precisely 
i(dq - 1) elements u in GF(q)\GF(dq) such that (Y - u is a square in GF(q). 
Proof. Let (Y - u = p2, where /I = c + pd. Then /I’ = c2 + rd2 + p - 2cd; hence 
b = 2cd. As (Y 4 GF(dq), so b # 0. Thus, for every nonzero c in GF(qq), there 
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exists u with (Y - u = p2, namely 
rb2 
u=(y--2=a-,2-rd2=a-c2-- 
4c2. 
By Lemma 5.1 with 6 = rb2/4, the same value of u occurs for precisely two values 
of c. Hence the number of u is $(dq - 1). 0 
In PG(2, q), let e, be the line with equation z = 0 and let Y = (0, 1, 0). Let % 
be a set of points such that 4, rl % = {Y}. Define X to be of afine type 
(iI, . . . , ir) if ]4?fl X] E {iI, . . . , i,} for all lines k’ not through Y. This means that 
in the affine plane PG(2, q)\ C, every nonvertical line meets .X in il, i2, . . . , or i, 
points. 
For q odd, let A = {al, . . . , a,} E GF(q). Let B(a,) be the conic with equation 
yz =x2 + aiz2. 
Define 
The line e, is tangent to each I at Y; every other line through Y therefore 
meets X(A) in s + 1 points. Thus, if X(A) is of affine type (m, n), then it is of 
pointed type [s; m, n] and of type (1, m, s + 1, n). 
Lemma 5.3. Zf every line l, with equation y = cz satisfies I& fl .X(A)1 E 
{il, . . . , jr}, then .X(A) is of a&e type (jr, . . . , jr). 
Proof. The line e, meets P(Ui) in 2, 1 or 0 points according as c - ai is a nonzero 
square, zero or a nonsquare. Let 
S(c) = I{ai 1 c - ai is a nonzero square}], 
Then 
I& n X(A)1 = 2S(c) + Z(c). (53) 
Now, if e is a line with equation y = 17~ + bz, then +? meets 9(aj) where 
x2-rnxz+(ai-b)z2=0. 
So It fl PP(aJl is 2, 1 or 0 according as d = ($n)” - ai + b is a nonzero square, 
zero or nonsquare. Hence 
18 n X(A)1 = 2S(d) + Z(d). 
So, for each e there is a line e, such that ]e rl X(A)1 = I& n X(A)I. 0 
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With A = {a,, . . . , us}, define 
A + b = {a, + b, . . . , a, + b}, 
ii = GF(q)\A. 
6A = {6a,, . . . , 6u,) 
Proposition 5.4. Let X(A) be a set of afine type (iI, . . . , i,). Then: 
(i) % = .X(A) is a (q* - sq + 1)-set of afine type (q - i,, . . . , q - iI); 
(ii) %(A + b) also has afine type (iI, . . . , i,); 
(iii) X(6A), 6 #O, is a (qs + 1)-set of afine type (iI, . . . , i,) or (2s - 
i,, . . . , 2s - iI) according us 6 is a square or a nonsquare. 
Proof. (i) If ]a tl .X(A)1 = i for k’ f &,, then e tl .%(A) has q - i points off e,. 
(ii) This follows from Lemma 5.3. 
(iii) From (5.3), ]e, n X(A)1 = 2S(c) + Z(c). Define 
&(c) = I {a, 1 c - 6~2, is a nonzero square} 1, 
1 ifce6A, 
“(‘)=I0 ifc$6A. 
So, for all 6, Z6(Sc) = Z(c). If 6 is square, S6(6c) = S(c). Hence 
]& fl X(6A)I = 2&(6c) = 2S(c) + Z(c) = (k’, n .%(A)(. 
Thus X(6A) has the same affine type as X(A) when 6 is a square. When 6 is a 
nonsquare, 6c - da, is a nonzero square if and only if c - ui is a nonsquare; so 
s - S(c) 
“(“) = 1s - 1 - S(c) 
if Z(c) = 0, 
if Z(c) = 1. 
In this case, 
I&, n .X(&A)1 = 2&(6c) + Z&(Sc) 
2s - 2S(c) + Z(c) = 
i 
if Z(c) = 0, 
2,s - 2 - 25(c) + Z(c) if Z(c) = 1 
= 2s - (2S(c) + Z(c)) 
=2s-Ilcf-lX(A)I. 0 
Theorem 5.5. Let q be square and let A = GF(q)\GF(qq). Then X(A) is a set of 
pointed type [q - v/s; q - 2vq + 1, q - vq + l] and hence of type (1, q - 2dq + 
1, q - vq + 1). 
Proof. The line e, with equation z = 0 meets X(A) at Y = (0, 1, 0). Every other 
line through Y meets X(A) in JAI + 1 = q - vq + 1 = t + 1 points. This leaves the 
determination of the affine type of X(A). Instead, consider the affine type of 
X(A), where A = GF(q)\A = GF(vq). Let Z and 3 be the functions for A 
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corresponding to the functions Z and S for A. When c E A, then Z(c) = 1 and 
s(c) = J/q - 1 as the elements of GF(vq) are squares in GF(vq). For c rj A, 
Lemma 5.2 says that S(c) = i(vq - 1). F rom Lemma 5.3 and equation (5.3), the 
affine type of X(A) is (dq - 1,2vq - 1). H ence by Proposition 5.4(i), the affine 
typeofX(A)is(q-2dq+l,q-vq+l). Cl 
Corollary 5.6. Let q be square, let A = GF(vq) c GF(q) and let 6 be a 
non-square in GF(q). Then X’ = X(&i) is a Hermitiun arc, that is a (qI/q + l)-set 
of type (1, vq + l), which is not a Hermitian curve. 
Proof. Since the affine type of X(A) is (I/q - 1, 2dq - l), by Proposition 5.4(iii) 
with s = vq the affine type of X(SA) is (1, dq + 1). As every line through Y also 
meets X(&i) in 1 or dq + 1 points, X’ is a Hermitian arc. Since, as a curve, it 
has degree 2dq, it is not a Hermitian curve. 0 
Remark. It was proved by the second author in [7] that X(&i) is a minimal 
blocking set. 
The only known Hermitian arcs other than Hermitian curves, also called 
nonclassical unitals, are the Buekenhout-Metz unitals, which exist for all square 
q > 4. For a description of these unitals, see [6, Section 17.71 where it is shown 
that the affine equation of such a unital 0% is G = 0, with 
G(x, y) = f ((Yx - a?, X - x) + (c - a)(j - y). (5-4) 
Here V = vvq, (Y is any element of GF(q)\GF(dq) and f (x1, x2) is an irreducible 
quadratic form over GF(vq) such that f (a, -1) # 0. 
Theorem 5.7. The set X’ of Corollary 5.6, which is the union of d/s tonics with u 
common point in PG(2, q) for q odd, is a unitul of Buekenhout-Metz type. 
Proof. Let GF(dq) = {A,, . . . , Avq}. Then, from its definition, the affine equa- 
tion of X’ is F = 0 where 
Since 
so 
F(x, y) = n (y” -x - 6Aj). 
fi (T - A;) = Tvq - T, 
i=l 
F(x, y) = (y - x2)Vq - 6’q-‘(y -x2). 
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Hence 
6F(x, y) = 8xX2 - sj* + sy - 8y. 
So all that is required is a suitable choice off in (5.4) to make G the same as F. 
Take (Y = 6 and let 
f(X1) x2) = $ (x: - 66x;). 
The zeros of f(x, 1) are *6 (vq+l)‘*; hence f is irreducible over GF(dq). Then 
G(x, y) = (S8)-‘{(& - &)* - S6(Z -x)‘} + (6 - 6)(jj - y) 
=(&Q--1(82- 66)x2 + (62 - 86)X2} + (6 - 6)(y -y). 
so 
(6 - 6))lG(x, y) = (Sli)-‘(8x* - &*) + j - y. 
Therefore 
- - 
66(6 - 6))‘G(x, y/6) = 8x2 - 6f2 + Sj - 8y = 6F(x, y). 
Thus X” is a Buekenhout-Metz unital. Cl 
Theorem 5.8. Let q be an odd square and let A = IJIzl (xi + GF(vq)), where 
xi - xi 4 GF(dq) for i # j. Then X(A) is un (rqqq + l)-set of pointed type 
[t; m, n] with t = rvq, m = r(vq - l), IZ = r(vq - 1) + dq. 
Proof. The set A is the union of r cosets of GF(dq), whence t = (Al = rdq. If 
c EA, then S(c) = vq - 1 + 1(vq - l)(r - 1) using Lemma 5.2; hence ]& rl 
.X(A)1 = 2S(c) + 1 = n. If c $A, then S(c) = i(dq - l)r and so ]tC rl X(A)1 = 
2S(c)=m. 0 
Remark. In both Theorems 4.1 and 5.7, IZ -m = qq. In the former case 
t = nvq/(dq + 1) and in the latter t = mI/q/(vq - l), giving in PG(2, q) with q 
odd the two possibilities for t allowed by Theorem 3.6. 
For further constructions from this pencil of tonics, see [7]. 
6. Further properties 
It is natural to try and construct sets of pointed type as the union of two smaller 
sets with the same parameters. 
Theorem 6.1. Suppose there exist two sets XI and X, of pointed type [t; m, n] in 
I& with the same unisecunt &, and point of contact PO. If X, U X, is a set of pointed 
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type [T; M, N] with X1 fl .X2 = {PO}, then: 
(i) qisasquareandn-m=dq; 
(ii) either 
(a) M = m + n, N = 2n and T = 2t with t = nvq/(vq + l), 
or 
(b) M=2m, N=m+nundT=2twitht=mI/q/(~q-1). 
Proof. From the hypotheses, apart from e,, the line through PO meet X1 U X2 in 
2t points; every other line meets X1 U rt; in 2m, m + n or 2n points. Now, Lemma 
3.l(vi) applied to .X1 or X, can be rewritten as 
q{(t - n)(t -m) + t} = t2. (6.1) 
If, for X1 U X2, t,+, = 0, then it is of pointed type [2t; 2m, 2n] and (6.1) becomes 
q{2(t - n)(t - m) + t) = 2t2. (6.2) 
Hence, 2 x (6.1)-(6.2) gives tq = 0, a contradiction. 
If tZm = 0, then .X1 U X2, is of pointed type [2t; m + n, 2n] and (6.1) becomes 
q{(t - n)(2t -m - n) + t} = 2t2. (6.3) 
Thus 2 x (6.1)-(6.3) gives q{(t - n)(n - m) + t} = 0, whence n - m = t/(n - t). 
Substitution in (6.1) gives 
q{(t - n)(t -m) - (t - n)(n -m)} = t2. 
Hence dq = tl(n -t) = n -m, and t = ndql(vq + 1). 
If rZn = 0, then X1 U X2 is of pointed type [2t; 2m, n + m] and a similar 
calculation gives qq = t/(t - m) = n - m, whence t = mdql(vq - 1). 0 
Case (ii) (a) of the theorem is exemplified in Theorem 4.1 for all square q, 
while case (ii) (b) is exemplified in Theorem 5.7 for all square odd q. 
From (3.1) we have m < t < n so that the minimum value of t is m + 1 and the 
maximum value if n - 1. The maximum value occurs for the set X = X(A) in 
Theorem 5.5; the minimum value then occurs for % as in Proposition 3.5. So we 
now consider if these values of t characterize the sets. 
Theorem 6.2. Let X be a k-set of pointed type [t; m, n] with 2 c m < t < n c 
q -2. 
(i) If t = m + 1, then n -m = dq and t = vq, m = I/q - 1, n = 2I/q - 1. 
(ii) Zf t=n-1, then n-m=dq and t=q-vq, m=q-2vq+l, n=q- 
vq + 1. 
Proof. (i) As n - m 1 t by (3.5) and t = m + 1, so n c 2m + 1. Let d = n - m; then 
d > 1. From (6.1), 
(m + l)* t* 
q=m+2-d=t+l-d’ 
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Since t2 - (d - l)‘= (t + 1 - d)(t - 1 + d), so 
t + 1 - d 1 (d - 1)2. (6.4) 
Suppose first that 
(t, d - 1) = 1. (65) 
Let 
(d - 1)2 = A(t + 1 - d); (6.6) 
so At+A(l-d)=(d-l)*, whence d - 1 1 At. Let B = (A, t) and suppose that 
B > 1. Then there is a prime divisor C of B which divides d - 1. As C 1 B and 
B 1 t, so C 1 t. Hence C 1 (d - 1, t), a contradiction. Therefore, B = 1. 
As d - 1 I At and (A, t) = 1, so d - 1 1 t and d - 1 I A. From (6.5) we must have 
d - 1 I A. If d - 1 =A, then d - 1 = t + 1 - d, contradicting (6.5). If d - 1 #A, 
then A 3 2(d - 1). From (6.6), t + 1 - d = (d - 1)2/A s (d - 1)/2; SO 
t < 3(d - 1) 
l-T--- (6.7) 
As d I t, so t = d or t 3 2d. The latter contradicts (6.7) and so t = d, q = t2 and 
n-m=Vq. 
Now let (t, d - 1) = (d - 1)/r > 1. As d and (d - 1)/r are coprime divisors of t, 
so d(d - 1)/r divides t; hence we write 
t=A4d-l) 
I . 
(6.8) 
As (d - l)(A, r)/r divides t, d - 1 and (t, d - 1) = (d - 1)/r, so 
(A, r) = 1. (6.9) 
Since, by (6.4), t + 1 - d 1 (d - 1)2, substituting from (6.8) gives that (d - 
l)(Ad - r)/r divides (d - 1)2; that is, 
B(d - l)(Ad -r) 
= (d - 1)2 and B(Ad - r) = r(d - 1). 
I 
(6.10) 
Since r I d - 1, so (r, d) = 1. As also (A, r) = 1 from (6.9), we have (Ad - r, r) = 
1. Hence, from (6.10), Ad - r I d - 1. If A # 1, then r 1 d implies that 
Ad-r>2d-y>d-1. 
a contradiction. So A = 1; thus d -r I d - 1. This, with the fact that r I d - 1 
implies that r=l or r=d-1; otherwise d - r =s (d - 1)/2 and r G (d - 1)/2, 
which are incompatible. As r # d - 1, so r = 1, t = d(d - 1) and q = d2. So 
t = q - dq, n - m = q/s, m = q - dq - 1 and n = q - 1. This case was excluded 
by the hypotheses, since it was covered in Corollary 3.6. 
(ii) This now follows using Proposition 3.5. Cl 
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All examples of sets of pointed type have had n - m = qq. We resume the 
theme of Theorem 3.7 to give a further characterization of this property. 
Proposition 6.3. Let .X be a k-set of pointed type [t; m, n] such that 2 s m < t < 
ncq-2. Ifn>2m, thenn=2m+1,n-m=~q,m=~q-1,n=2~q-1. 
Proof. Since n - m 1 t and m < t, it is not possible that n = 2m: so n 2 2m + 1. 
Now n 2 2m implies that 2(n - m) Z= n > t; as n - m 1 t, so n - m = t. From (6.1), 
(t - m)(t - n) + t 2 1. 
Substituting for t gives (n - m)(n - 1) s m2 - 1, whence n - m s m + 1. So 
n c 2m + 1 and therefore n = 2m + 1. Thus t = m + 1 and Theorem 6.2 gives the 
result. Cl 
Remark. With X the set given in Theorem 5.5, % has the parameters of 
Proposition 6.3. 
A set of values for q, t, m, n is called admissible if Lemma 3.l(vi) and 
conditions (3.2)-(3.7) are satisfied by these values. The final result gives such 
parameters with n - m # dq. 
Lemma 6.4. A necessary condition for the existence of a set of pointed type 
[t; m, n] is that, with d = n - m = (m + c)/r. 
4 dr2 
d=c2-cd+dr 
and both sides of the equation are positive integers. 
Proof. From Lemma 3.l(vi), q = t2/[t2 - t(n + m - 1) + nm]. Let t = m + c. As 
n - m divides t, so d = n - m = (m + c)/r = t/r. Hence 
m=rd-c 3 n=rd+d-c, 
d2r2 
‘=d2r2-dr(2rd+d-2c-l)+(rd+d-c) 
d2r2 
= 
c2-cd+dr’ 
As d divides q, the result follows. 0 
Corollary 6.5. For w 
dq given by 
s 2, s 2 0, there exist admissible parameters with n - m < 
q = 24w+a, t = 22w+2s , 
m = 22w+a - 2”+” + 2=, n = 22w+2s + 2”+” + 2”. 
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